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Launch Vehicle Trajectories with a Dynamic Pressure Constraint

Sang-Young Park*
Texas A&M University, College Station, Texas 77843

The problem of three-dimensional launch trajectories for the advanced launch system to minimize fuel or equiv-
alently maximize payload is considered. A dynamic pressure inequality constraint is involved due to its significance
on the resulting trajectories and structure of the launch vehicle. Highly accurate solutions and exact switching
structures of the optimal trajectories are presented by using a multiple shooting method. The multiple shooting
structure is modified to satisfy the internal boundary conditions and discontinuities in variables at entry and exit
points of the boundary arc. A methodology is also developed to visualize the optimal controls in a geometric sense

using hodograph analysis.

Nomenclature

A, = cross-sectional area

A, = exit area of a engine

a = speed of sound

Cp = drag coefficient

C; = lift coefficient

C, = pitching moment coefficient

C,e = pitching moment coefficient about the center of gravity

c = number of engines operating

D = drag

e = eccentricity of orbit

f = dynamic equations

G = function of states, controls, and time

g = Earth’s gravitational force

g5 = Earth’s gravitational force at sea level

H = Hamiltonian function

h = altitude above mean sea level

h, = apogee altitude

hy = altitude at 7,

h, = perigee altitude

hy = density scale height

hy = pressure scale height

I, = specific impulse

J = performance index

L = lift

l = total core vehicle length

Iy = distance from the center of mass to the exit plane of
engine

M = Mach number

M,., = aerodynamic pitching moment

M; = pitching moment due to thrust

m = mass

mye = reference mass, sum of the masses of the payload,
payload margin, and payload fairing

p = atmospheric pressure

q = dynamic pressure

r = distance from the center of the Earth to the vehicle
center of gravity,r, + h

Ty = radius at apogee from the center of the Earth

ry = radius at perigee from the center of the Earth

Ty = radius of the Earth at sea level

S = state inequality constraint

Sr = pth time derivative of S
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T = thrust
T,.. = thrustof one engine in a vacuum
t = time
ten = entry point to state inequality
Tex = exit point from state inequality
ty = free final time
[ = staging time
1, = initial time
u = control variables
u* = extremal controls
Vv = velocity
Vir = inertial velocity at 7,
x = state variables
X0 = initial state variables
x* = extremal states
o = angle of attack
o = angle of attack as boundary control over boundary arc
B = ratio of specific heats of air
y = flight-path angle
8 = gimbal angle of the thrust vector
e = constant Lagrange multiplier
n = constant multiplier of S?
0 = prescribed terminal constraints
A = Lagrange multipliers
A, = Lagrange multiplier of x state
A* = extremal costates
A = longitude
I = velocity roll angle, positive roll angle results in a
negative heading angle toward the south
v = constant multiplier vector of the dimension of ®
o = atmospheric density
Ps = atmospheric density at sea level
T = latitude
¢ = function of final states and time
v = heading angle
Q = set of admissible control values
w = angular velocity of the Earth
Subscripts
f =att,
fs = specified value at ¢,
i = inertial coordinate
Superscripts
= time derivative
- = just before fep, tex, OF 1,
+ = just after f.,, fe, OF £

Introduction

ANY problemsin the design of modern control and guidance
systems require optimization of the trajectory that minimizes
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(or maximizes) some performancecriterion. Using the theory of the
calculus of variations, the formulation of these problems yields a
multipoint boundary-value problem (MPBVP). The resulting opti-
mal trajectory also satisfies the physical constraints and the given
differential equations. The open-loop optimal trajectory is used as
a reference trajectory for perturbation guidance. A variety of tech-
niques is currently available for the solution of trajectory optimiza-
tion problems. They include shooting methods, gradient methods,
and nonlinear programming methods. The family of shooting meth-
ods are used when a highly accurate solution is required.

All space missionsin the United States are operated by the current
expendablelaunch vehicles and Space Shuttle. However, the cost of
this access to space is too high to achieve good reliability and oper-
ability of these systems. One of the next generationheavy-liftlaunch
systems considered by NASA and the Department of Defense was
the advancedlaunch system (ALS). The ALS has been used in many
studies to demonstrate optimal and suboptimal control and guidance
strategies.!~® Shaverand Hull' presenta suboptimal control strategy
using parameterization of the control variables. Seywald and Cliff?
presenta feedback control method for two-dimensionalflights using
neighboring extremals. Hodges et al.> and Bless et al.* present a fi-
nite element method for trajectory optimization in two-dimensional
flights. Shelton® studied the optimal trajectoriesfor the second stage
using a direct shooting method. The complete solution was not ob-
tained in this work due to the sensitivity of the problem. Burkhart®
calculated the optimal controls for the unconstrained case using the
single shooting method. Wirthman et al.” present the implementa-
tion of the ALS trajectory optimization in two-dimensional flights
on a parallel computer. Recently, Burkhart and Hull® studied the
optimal controls for unconstrained case and compared the results
with those of suboptimal control.

In this paper, we present three-dimensional optimal solutions for
the constrained ascent trajectories of the ALS using the method of
multiple shooting with two slightly different aerodynamic models
to obtain highly accurate solutions and an exact switching structure.
Two aerodynamic models of the ALS are presented,"> and more
can be generated by varying the order of the interpolationtechnique
used to fit the data. Optimal trajectories are generated subject to a
dynamic pressure inequality constraint. The algorithm for optimal
control problems with state inequality constraints is also referred.
The optimality of this transition is analyzed using hodograph anal-
ysis. The hodograph exhibits nonconvexity during certain points
of time. It is also verified that the optimal state rates during these
intervals lie on the convex domains of their respective hodographs.

Optimization Algorithm
Optimal control theory is concerned with finding the control his-
tory to optimize a measure of the performanceindex of the following
general form:

rf
J(w) :¢(x(tf),tf)+/ G(x,u,1)dt (1)

fo

subjectto the dynamicequations,boundary conditions,and terminal
constraints
x=f(x,ur1),

x(ty) = xo, 1y given )

@[x(tf),tf] =0 (3)

Here x(t) € R",u(t) € R', and ® € R*. Assume that the func-
tions G, ¢, and f, respectively, are continuously differentiable with
respect to all their arguments. The Hamiltonian function is defined
with A(t) € R" as

H=G+Af “)

The minimum principle requires that the optimal controls minimize
H (Ref. 9)

u*(r) = min arg H(x*, A", u, 1) 3)
ue

For the ALS problem, we use the open set of admissible control val-
ues. The states, costates, and the Hamiltonian satisfy the following
conditions:

xT = Hy (6a)

A =-H, (6b)

N (1)) = (g + 07O =Y (6¢)
H(t;) = — (¢ + 7O =Y (6d)
0=4H, (6e)

Equation (6e) can be solved for the control, so that the control is
removed from Egs. (6a) and (6b).

State variable inequality constraints are augmented to the cost
function and additional necessary conditions are obtained as a
result.!®!" These necessary conditions, depending on the type of
inequality constraint, might require jumps in the costates or the
Hamiltonian. Thus, a general optimal control problem requires the
solution of a MPBVP. The state inequality constraintis represented
as

S(x(1) = q@®) = gmax <0, O0=<r=t o

Here S:R" — R. For the ALS problem, the state inequality con-
straint is a first-order dynamic-pressure constraint. An optimal tra-
jectory is composed of two types of arcs: interior arcs [S(x) < 0]
and boundary arcs [S(x) =0]. Excepting junction conditions, an
interior arc satisfies the same necessary conditions as the uncon-
strained problem.'? Along a boundary arc, the inequality constraint
becomes an equality constraint. For numerical convenience,® we
use the necessary conditionsin Ref. 10. The modified Hamiltonian
with a pth-order state variable inequality constraint (p times the
constraint has to be differentiated with respect to the independent
variable to obtain explicit dependence on at least one control vari-
able) is defined as

H=G+A'f+nS” ®)

where
=0, if S <0 (9a)
M=o, if S=o0 (9b)

The necessary conditions on the boundary arcs are
H,=G,+ANf,+nS'=0 (10)
A =—-G,— N'f, —ns? (11)
The beginningand the end of the constrainedarcs are denoted by the

times f., and .y, respectively. At fe,, S [x(fen)] = 0,i =0, ..., p—1
yield the following necessary conditions:

p—1

A(rf) = Aig) = D eiSilw ()] (12)
i=0

H(i)) =H(t;,) (13)

A1) = A1) (14)

H(1)) = H(i5) (15)

Equation (12) admits the discontinuitiesin the costate variables at
the entry point z.,. Because the state inequality constraint does not
depend on time explicitly, the Hamiltonian is continuous at #., for
the ALS problem. The continuity of the controls, u(#), is assumed
at fe,:

u(ty) = u(th) = up(ter) (16)



We determine the boundary control u, by using S?(x,u) = 0
over the boundary arcs.'* Similarly, we have the assumption of the
continuity of () at :

u(1y) = u(ty) = u(te) a7
For the ALS problem, S” is dependent on only one free control
variable, the angle of attack. Thus, Eq. (10) yields the multiplier
n(t) explicitly on the boundary arcs for a scalar boundary control,
along the optimal trajectory, as S} is not zero:

G, + A'f,

= (18)

n) =—
The ., can be obtained by using Eq. (17). We use the control u(t)
from the condition G, + A’f, = 0 on the interior arcs. Then, for
the problem with inequality constraints, Eqs. (6a) and (11) are the
equations of state and costate variables.

Model of the Aerospace Vehicle

The physical model chosen for this study is the ALS as described
in Ref. 1. This ALS configuration (Fig. 1) consists of a core and
a booster module assembled in parallel to deliver large payloads
into a low Earth orbit. The core contains three engines, and the
boostercontainsseven engines. The ALS is designedas anuncrewed
expendablelaunch vehicle system, which can launch payloadsmore
frequently while reducing the cost per pound of payload into space.
At burnout of the booster, separation occurs and the core continues
the flight. Before staging time, the combination of the booster and
the core is referred to as the first stage, and the second stage refers
to only the core vehicle after the jettison of the booster. The payload
is to beinsertedinto a 80 x 150 nm Earth orbit at perigee after being
launched vertically by the ALS. From Ref. 1, the three-degree-of-
freedom equations of motion relative to the Earth are

i = V cosy cosy

(19a)
rcost
v .
;= cosy sinyr (19b)
r
h= Vsiny (19¢)
. 1
V= Z[Tcos(oz +68) — D —mgsiny]
+rw? cosT[cos T siny — sint cos y sin ] (194d)

Fig. 1 ALS.
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1
y = W{[T sin(a + 8) + L]cosu —mgcosy}

V cos
n Y

+ 2w cos T cos Y

2

+ % cost[cosT cosy +sint siny siny] (19e)
. 1 . .
Y = —————[T sin(a +6) + L]sinpu
mV cosy
% . .
— —tantcosy cos Y + 2w[cosT tany siny — sinT]
P
ro? .
— cOs T sint cos Y (199)
Vcosy
c
m = __Tvuc (19g)
Ispgs

The physical model for the ALS is describedin detail in Ref. 1. The
thrust model is given by

T = C[Tvuc - pAe] (20)
Density and pressure are modeled as the following exponentialfunc-
tions of altitude:

o= /0567/1//11 (21)

p=pe (22)
The Earth is assumed to be a rotating, spherical body with an inverse
square gravity field

g =8 (r/r)? (23)
The speed of sound is given using the perfect gas law
a=+/B(p/p) (24)
The dynamic pressure, the drag, and the lift are defined as
q=3pV? (25)
D =qA,Cp (26)
L =qA,C, (27)

and Cp, C;, and C,, are modeled as polynomials in o during the
first stage:

Cp = Cpo(M) + Cp i (M)a + Cpy(M)a® + Cps(M)e®  (28a)
C,=C, (M) (28b)

After staging, the vehicle flies at hypersonic velocities, the aerody-
namic force coefficients are independent of the Mach number, and
pitching moments are assumed to be negligible. The aerodynamic
models for the second stage are

CD = CDO + CDzOlz (293)

C, =Cra+ Cprala| (29b)
The drag coefficient, the lift coefficient, and the pitching moment
coefficient are given in tabular form as functions of Mach number
and « in Refs. 1 and 2. The aerodynamic coefficients are inter-
polated by the least-squares method and the cubic spline method.
When the sign of « is changed, the sign of C, is also changed
for the second stage. Note that, during the second stage, the drag
coefficientis a symmetric function of «, whereas the lift coefficient
is an antisymmetric function of «.
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Problem Statement

We augment the ALS system with the additional parameter equa-
tions to find exact switching structure and final time.
For the first stage:

fen =0, fx =0 (30a)
For the second stage:
i;=0 (30b)

Equation (30b) is an additional state equation that handles the free
final time as a parameter. This parameter is guessed and is also
adjusted by the Newton method. This additional parameter requires
an additional costate. Thus, two additional differentialequations are
introduced when the free final time is treated as a parameter.

Performance Index

For the problem at hand, it is required to find the optimal tra-
jectory that maximizes the final mass of the ALS. Transferring the
maximization problem into a minimization problem yields

J :_mf/mref (31)

The magnitude —1.0 of the performance index indicates that the
reference mass is inserted into orbit without extra fuel.

Initial Conditions
The ALS is launched vertically from the Earth with the following
initial conditions' at7 = 0's:

2(0) = —80.54 deg, 7(0) = 28.5deg
(32a)

h(0) = 0ft, V(0) = 0ft/s

(0) = 90.0 deg, ¥ (0) = Odeg

m(0) = 108,574.93slug

(32b)

The heading angle is not defined during the 3 s of vertical flight.
When V' = 0, the equations for yand  have singularities, whereas
y = 90 deg causes the same effect in the ¥ equation. To remove
the singularity due to the velocity, the ALS is vertically flown for
3 s with the angle of attack and the velocity roll angle chosen such
that y and = 0. To avoid the singularity due to y = 90 deg, the
vehicle is then pitched over by flying it for 1 s at a constant pitch
rate. The velocity roll angle is chosen such that v is zero.! The
angle of attack is given by the following equation during the fourth
second'®:

a(t) =m/2—y —0.02(t — 3) (33)

The optimization uses the state at this time as the initial condition.
Explicitly, the initial conditions at time # = 4 s are given by"’

A(4) = —80.558 deg, T(4) = 28.5deg
(34a)

h(4) = 109.69 ft, V(4) = 55.341t/s

y(4) = 89.526deg, ¥ (4) = 0deg

m(4) = 106,897.68 slug

(34b)

Final Conditions

Final boundaryconditionsare specified to satisfy orbitsize, shape,
inclination,vehicleposition,and orbitinjection. The vehicle mustbe
inserted into the specified orbit at the perigee. The desired injection
point is 80 x 150 nm transfer orbit of 28.5-deg inclination i. The
desired valueof i, is 80 nm, and the desired value of &, is 150 nm. To
achieve the desired orbit, four final conditions should be satisfied.
These are the altitude, the inertial velocity, the flight-path angle,
and the orbital inclination. The perigee altitude of the orbit, £,
must equal to the final altitude & ;. The inertial velocity at 7, must
be constrained to satisfy the following relationship':

2 1
Vip = /M (35)
Tp

For the vehicleto be inserted into orbit at the perigee, the final flight-
path angle should be zero. As a consequence, the terminal equality
constraints are the following:

hy, = 486,080ft, Vi, =25,776.9ft/s

(36)

vy, = O0deg, iy =28.5deg
The inertial velocity and inclination are calculated by!

V; = (V2 +2Vrwcosy cosy cos T + r’w’ cos’ ‘E)% 37)

cost(V cosy cosy +rwcost)

st (VZcos?y +2Vrwcosy cosy cos T + r2w? cos? ‘E)%
(38)
In summary, the final point constraints are
hy=hy (392)
V, =V, (39b)
V=Y (39¢)
cos(i;) = cos (l'fx) (39d)

For the ALS problem, there are seven known initial state vari-
ables at #; and two fixed state variables [Eqs. (39a) and (39¢)] at
t;. Equation (3) contains two boundary equations [Eqgs. (39b) and
(39d)] at final time #:

0, =V, - (V24 2Vrwcosy cos cos T + r2w? cos’ ‘E)% =0
(40)
cos (ifx) —cost(Vcosycosyy +rwcost)

@2 = =0
(V2cos2y +2Vrwcosy cosy cost + r2w? cos? ‘E)%

41)
From transversality conditions, we obtain
Aty =0 (42a)
A, () =0 (42b)
Ay(tp) = — (42¢)
Myep
00, 00,
A (t))—vy—| —v,—=| =0 42d
(f) Vi 97 , V2 97 , ( )
Av(t)) — 00| 00, —0 420)
vy '“av{f l’zavw_ ¢
RIC) RIC)
Ayty) —v—| —m—=| =0 (42f)
4 ty 4 t
From Eqgs. (42d) and (42e), we can calculate v; and v, as follows:
At — At )8@1 00,
vy = — A (t)— —
: v v WAEIER

00,

ot

00,

00,
v %
1

00
/ —L } (43a)
ot
tf tf
} / 90,
ot
i

With Egs. (43a) and (43b), Eq. (42f) becomes another boundary
equation at the final time. Thus, we only have three boundary

r

90
= |:A,(l‘f) - "Za—fz (43b)

rf



equations at the final time: Eqs. (40), (41), and (42f). There are
16 differential equations including the additional state and costate
equations for the free final time parameter. There are 16 unknowns
(8 unknowns at #p and 8 unknowns at ;) and 16 known boundary
conditions; there are seven given initial states x(f), A, (f) = 0,
Eqgs. (39a), (39¢), (40), (41), (42a), (42b), (42¢), and (42f). Thus, the
two-point boundary problem can be completely solved with these
boundary conditions.

Controls

The aerodynamic yawing moment is assumed to be controlled
to zero, whereas the angle of attack and the velocity roll angle are
treated as control variables. Thus, the sideslip angle is zero through-
out the trajectory. The pitching moment due to the thrust and aero-
dynamics is controlled to be zero. This trimmed flight condition is
effected by the gimbal angle, which is created by orienting the thrust
with respect to the ALS body axis so that the pitching moment is
zero. Therefore, the trimmed flight is controlled by finding a gimbal
angle, that forces the pitching moment to be zero at any instant of
time. Explicitly, this yields the following control constraint:

Muem(a) + MT = O (44)
Equation (44) can be written as
qSplCee — Tly sind =0 (45)

To calculate the gimbal angle § from Eq. (45), we need the value of
the location of the vehicle center of gravity. Numerical studies show
that the dynamic pressure goes to zero in the second stage; hence, the
gimbal angle is zero from Eq. (45). Thus, trimmed flight is assumed
during only the first stage. A referenceto untrimmed flight indicates
the situation where the moment equation is neglected.

Equation (6e) is solved for the free controls. The first derivative
of the Hamiltonian with respect to the velocity roll angle w is

H,= Ay, + Ay, =0 (46)

Equation (46) can be solved for tan . Then the velocity roll angle
is calculated using the following equation:

A
tanpu = _— 47)
A, cosy

The first derivative of the Hamiltonian with respect to the angle of
attack « is

Hy=AyVy+ Ao+ Ayiig =0 (48)

Then, the angle of attack is calculated using the following equation:

Ay . a6 oD

0=—|-Tsinfw+§)|1+— ] ——

m Ja oo

A, 96 oL
+—1{|Tcos(te+8)|1+— )+ —|cosu

mV da oo

Ay 96 oL | .
+—1—|Tcos(¢+8)|1+— )+ —|sinp
mV cosy o do
(49)

The angle of attack and gimbal angle satisfying the Eqs. (45) and
(49) simultaneously can be obtained using the Newton-Raphson
method.

A second-order necessary condition, the Legendre condition,
states that the second derivative of the Hamiltonian with respect to
the controlsmust be greaterthan or equal to zero for the performance
index to be at a minimum. Thus, Hy, H,,,,, and H,o H,,, — H;, must
be greater than or equal to zero for the performance index to be at a
minimum. These conditionsare enforced through numerical checks.
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Internal Boundary Conditions and Inequality Constraints

The discontinuityin the variation of mass occurs when the booster
is separated at the staging time. The staging time #, = 153.54 s is
known because the booster is separated when all of the propellant
in the booster has been burned out. The problem can be divided into
two sections with respect to the staging time, the first stage and the
second stage. Because we know the staging time, we can consider
the problem as a fixed final time problem in the first stage and a free
final time problem in the second stage, whereas the whole problem
is a free final time problem. The known final time for the first stage
is the staging time #,. The conditions at the staging time are (except
mass)

x(t;) =x(tj) (50a)
m(t;7) = m(t") + 6740.85slug (50b)
A1) = A1) (50c)

There are no explicit constraints on the states at the staging time,
and the staging point is not significant.

A dynamic pressure constraint is imposed as a state variable in-
equality constraint by limiting it t0 g, = 650 1b/ft*. That is,

S@) =q@) = 1pV? < 6501b/ft* (51)

This constraint, being first order in nature, leads to jumps in the
altitude and velocity costates. We determine the angle of attack o,
as the boundary control over the boundary arc using the following
equation:

S@,u) = —[1/2h)1pV>siny
+p VI /m){T cos(ae + 8) — D —mgsiny}

+rw’ cost{cosTsiny —sint cosy siny}] =0 (52)

The additional internal boundary conditions at the junction points
are from Eq. (12) to Eq. (17), and ¢ (t.,) = 650 Ib/f2. The inter-
nal boundary conditions at each subinterval except for the junction
points are satisfied by the continuity of state and costate variables
in the multiple shooting method.

Multiple Shooting Method

Many numerical algorithms to solve optimal control problems
have been developed. Indirect methods are theoretically based on
the minimum principle, which characterizesthe set of optimal states
and controls in terms of the solution of a boundary-value problem.
One of the indirect methods is the shooting method, which yields
solutions of high precision. The shooting method is a second-order
method and, hence, is very sensitive to small changes of costate
initial conditions. Shooting methods have the associated difficulties
caused by instability of the initial value problem for the system of
differentialequationsand by the requirementfor goodinitial guesses
for the iterative solutions of nonlinear problems. To overcome the
difficulties in the direct shooting methods, multiple shooting meth-
ods can be used for solving the problems. The multiple shooting
technique divides the interval from £, to 7, into several subintervals.
The result is that the dimension of the problem is increased, but
the sensitivity of the solutions to the boundary-value variables is
reduced. The application of multiple shooting methods to the so-
lution of boundary-value problems can be found in Refs. 16-18.
The multiple shooting technique is simply a multipoint version of
the direct shooting method. Using this method, the solution of an
optimal control problem still amounts to solving a set of algebraic
equations at each subinterval. These multiple shooting methods re-
quire the continuity of state and costate variables at the boundary
of each subinterval where jump conditions are not specified. The
multiple shooting methods use the same technique as the nominal
shooting methods to calculate corrections to the values of states and
costates at the boundary of these small subintervals.

Because the basic idea of multiple shooting is to subdivide the
interval [, /], one may integrate in one direction (usually forward
direction) up to certain nodes (method I) and one may integrate in
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both directionsup to certain matching nodes (method I1).'8 In cases
where the integration costs are independent of the direction of in-
tegration, the total integration costs are about the same because the
greater part of computing time is spent in the numerical integra-
tion of the subtrajectories. When both methods have an equivalent
set of nodes, method II treats about half the number of unknown
variables, and the size of the Jacobian matrix of method II is half
of the Jacobian matrix size of method I. Therefore, the numerical
code is developed by method Il in this paper to solve the ALS prob-
lem. Generally, method II includes method I as a special case. The
different subtrajectories are computed in a mutually independent
way. This structure of multiple shooting is readily adapted to par-
allel techniques to get a considerable speed-up of the computation.
At entry point f., and exit point Z., the Jacobian submatrices and
corresponding error vectors for the ALS problem must be modi-
fied to include the constraints: u(t,) = u(t}), S(fen) = Siimic, and
u(ty) = u(t}). With this multiple shooting structure, the internal
and terminal boundary conditions can be exactly satisfied. The time
interval during the first stage is divided into 12 subintervals, and
during the second stage it is divided into 4 subintervals.

Hodograph Analysis

The hodograph at a given time and state is the set of all possible
state rates that can be attained by varying the controls within its
allowed domain. For any fixed state vector, the set of admissible
state rates is obtained by letting the controls vary within their al-
lowed domains. Thus, an m-dimensional manifold is generated in
the n-dimensional state rate space (in our case n = 7 and m = 2).
For the problem under consideration, it suffices to look only at the
V., y, and ¢ components of the state rate vectors. The right-hand
sides of all other state rates are independent of the controls and,
hence, only trace a single point as the controls are varied. There-
fore, the problem is reduced to visualizing the projection of the
hodographinto the V, y, and ¥ space.

As we are mainly interested in convexity issues, we do not lose
any informationby visualizing the hodographin a coordinatesystem
(k1~ky~k3), whichis scaled and shifted with respectto the V, y, and
¥ system. The (k;-k,—k3) axes are defined as follows:

k=mV + mgsiny
—mrw? cosT(cosT siny — sint cosy siny) (53a)

Vcosy

kzszI:)'/— — 2w coS T cos Y

’
— sz cos T(cos T cosy + sint siny sin 1,0)i| +mgcosy

(53b)

A
ks = —chosy|:w+—tanfcosycosw
r

2

. . F@” COS T SinT cos Y
—2w(costtany siny —sint) +
Vcosy
(53¢)
It can also be verified from equations of motion that

ki =T cos(ae +38) — D (54a)

ky = [T sin(x + 8) + L]cospu (54b)

ky = [T sin(x + 8) + L]sinp (54¢)

From Eqs. (54), obviously, the hodographin the (k,-k,-k;) system
can be obtained by rotating the hodograph in the (k,-k,) system
aboutthe k; axis. The hodographin the (k;-k,) system can be visu-
alized using the following method. Let o be an auxiliary parameter
that varies from —1 to 41, boundaries excluded. Then, o* (o) and
8% (o) are calculated by using the following equation:

[a*(0), 8%(0)] = arg max Q(o) (55)

aeQ

where
Q = {a € R, § € R|pitchingmoment = 0 [Eq. (45)]} (56)
and

Q(0)=+/1—02T cos(a +8) — D]+ o[T sin(a + 8) + L]
(57)

This procedure equivalently yields the controls [@*(0), §*(0)] that
minimize the Hamiltonian

H = Ay ki + Ay, ky + Ag k3 + terms independent of controls
(58)

for the case where Ay, = —J (1 —0a?), Ay, = —o,and Ay, = 0.
Note thatas o is varied, A, alreadydefined remainsnegative, which
is required for the existence of a bounded control. The hodograph
in the k;-k, system is obtained by plotting the curve

ki(o) =T cos[a™(0) + 8"(0)] — Dly+o) (59a)
ky(o) = T sin[o* (o) + 8"(0)] + Llg* o) (59b)

Rotation of the hodographin the described (k,-k,) system about the
ky axis results in the hodographin the (k,—k,—k3) system. It should
be noted that a necessary condition for convexity of the hodograph
in the (k;-k,-k3) system s thatin the (k,-k,) system, the maximum
k, value is obtained at k, = 0.

Results and Discussion

Ascent optimal trajectories of the ALS have been computed to
maximize the final mass of the vehicle. Because the problemis very
sensitive to initial guesses, the multiple shooting method with 16
subintervalsis used to reduce the sensitivity. The Hamiltonian will
be a constant during the first stage because the final time is fixed
and the Hamiltonian does not depend explicitly on time, whereas
the Hamiltonian is zero in the second stage because the final time
is free and the Hamiltonian does not depend explicitly on time. A
jump discontinuityin the Hamiltonian is evidentat the staging time.

Optimal trajectories have been computed for the two aerody-
namic models with and without the dynamic pressure constraint.
Figures 2-7, respectively, show the time histories of the longitude,
the latitude, the altitude, the velocity, the flight-path angle, and the
heading angle. A and B in Figs. 2-14 denote the aerodynamic data
in Refs. 1 and 2, respectively. The variations of the latitude and the
heading angle are very small in this particular example, while the
longitude increases by approximately 10 deg. Therefore, it is pos-
sible to approximate the three-dimensional equations of motion to
obtain simple planar equations of motion. At the staging time, the
velocity history has a discontinuity due to the mass and thrust dis-
continuities caused by separationof the booster. It is evident that the
aerodynamic model effects on the longitude, the altitude, the veloc-
ity, and the mass are insignificant and on the latitude, the flight-path
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Fig. 2 Time histories of the longitude.
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angle, and the heading angle are only slight. Figures 8-10 show the
time historiesof the costate variables of the altitude, the velocity,and
the flight-pathangle, respectively.As expected, the jumps in costates
of the altitude and the velocity occur due to the internal boundary
conditions caused by the inequality constraint. The costate of the
flight-path angle strongly affects the velocity roll angle history, es-
pecially when its magnitude is very small compared with that of the
costate of the heading angle.

Figures 11-14 show the time histories of the velocity roll angle,
the angle of attack, the gimbal angle, and the dynamic pressure,
respectively. The velocity roll angle history shows sharp variations,
especially when the constraint is active. A small gimbal angle de-
flection is needed to satisty trimmed flight conditions. Because only
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Fig. 8 Costate of the altitude vs time.

the core vehicle remains during the second stage, the pitching mo-
ments are assumed to be zero such that the gimbal angle is zero
in the second stage. The dynamic pressure constraint is active for
a small interval of time. Compared with the unconstrained cases,
the angle of attack decreases during passage through the maximum
constraineddynamic pressure. Because the drag coefficientis a sym-
metric function of o while the lift coefficient is an antisymmetric
function of « for the second stage, it is clear that the equations of
motion remain unchanged during the second stage (6 = 0) if the
sign of « is reversed (solid line and dash-dot line in Fig. 12) and
a 180-deg phase shift (solid line and dash-dot line in Fig. 11) is
introducedin u; i.e., the signs of sin  and cos p are also reversed.
This situation gives rise to two different types of optimal controls,
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Fig. 11 Time histories of the velocity roll angle.

as shown in Ref. 5, and the two types of solutions can be pieced
together at various points of time. However, it is preferable to use
the optimal velocity roll angle profile that requires a smooth roll
angle profile rather than a sequence of roll reversals. This means
that, during the second stage, two different types of control histo-
ries are possible due to nonuniquenessof the controls. These control
histories are shown in Figs. 11 and 12.

For the unconstrained cases, the aerodynamic data in Ref. 1
yielded a performance index of —1.031659 and the final time of
364.14 s, whereas those in Ref. 2 yielded a performance index of
—1.020098 and a final time of 364.63 s. When the 650-1b/ft> dy-
namic pressure constraint is imposed, the aerodynamic model in
Ref. 1 yielded a performanceindex of —1.027255 and the final time
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of 364.32 s, whereas those in Ref. 2 yielded a performance index
of —1.019723 and a final time of 364.64 s. In terms of physical
parameters, a performance index of —1.019723 means that 104.9
slug of fuel remains when the ALS is inserted into a desired orbit
whereas a performance index of —1.027255 means 105.7 slug of
remnant fuel. This fuel weight could be converted into extra pay-
load. The internal boundary conditions and the dynamic pressure
constraint are exactly satisfied. For the constrained case with the
aerodynamic model in Ref. 2, the trajectory enters the boundary
arc at t.,, = 66.9680 s and exits from the arc at 7., = 66.9938 s.
The length of the boundary arc is small, 0.0258 s. From Fig. 15
with the aerodynamic model in Ref. 2, we know that the final mass
of the ALS is reduced as the maximum dynamic pressure value is
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lowered. The final mass is about 10,878 slug for ¢pa, = 580 Ib/ft?,
whereas the final mass is about 10,899 slug for unconstrained case
(about gn.x = 680 Ib/f?). Thus, only about 0.2% less mass com-
pared to that by the unconstrained trajectory is placed in orbit by
the constrained optimal trajectory (¢ma, = 580 Ib/ft?).

Using the aerodynamic data in Ref. 2, Fig. 16 shows the
hodographs at a selected point of time in the first stage. It is ob-
served that the hodograph in the (k;-k,) plane is asymmetric about
the k; axis in Fig. 16. Furthermore the maximum value of k; occurs
when k, is nonzero. Hence, a nonconvex hodograph is generated
when Fig. 16 is rotated about the k; axis. During the second stage,
the hodograph is convex and symmetric about the k; axis. The state
rates vary smoothly along the trajectories. The small circlein Fig. 16
shows the respective state rate vectors rotated by —u about the k;
axis. This point is plotted in the hodographs to show that the min-
imum H process does yield state rates on the convex hull of the
hodograph. Note that Eq. (6e) is satisfied by the angle of attack at
the instant of time corresponding to Fig. 16. Special mention must
be made of the jump discontinuities or chattering controls that can
occur for nonconvex hodographs if the small circle is at the maxi-
mum k; point or the flight-path angle and heading angle costates are
both zero during the first stage. This condition is not satisfied here.

Concluding Remarks

This paper presents the maximum final mass trajectories for the
ALS, which is designed to deliver large payloads into a low Earth
orbit. The trajectories with two different aecrodynamic models show
that the performance indices obtained are nearly the same, whereas
some state and control variables are different. These differences
are significant and have profound implications with regard to un-
certainty in the aerodynamic data and closed-loop guidance. The
dynamic pressure inequality constraint is imposed by limiting it
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to 650 1b/ft®. This constraint leads to jumps in costate variables
and yields a boundary arc of small duration. The final mass of the
ALS is reduced by only a small amount as the maximum dynamic
pressure valueis lowered. The optimality of the solutions was inves-
tigated using hodograph analysis. The hodographs are nonconvex
along the optimal trajectories during certain time intervals, but the
optimal state rates remain on the convex domain of the respective
hodographs and vary smoothly.
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