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Launch Vehicle Trajectories with a Dynamic Pressure Constraint

Sang-Young Park¤

Texas A&M University, College Station, Texas 77843

The problem of three-dimensional launch trajectories for the advanced launch system to minimize fuel or equiv-
alently maximize payload is considered. A dynamicpressure inequality constraint is involved due to its signi� cance
on the resulting trajectories and structure of the launch vehicle. Highly accurate solutions and exact switching
structures of the optimal trajectories are presented by using a multiple shooting method. The multiple shooting
structure is modi� ed to satisfy the internal boundary conditions and discontinuities in variables at entry and exit
points of the boundary arc. A methodology is also developed to visualize the optimal controls in a geometric sense
using hodograph analysis.

Nomenclature
Ab = cross-sectionalarea
Ae = exit area of a engine
a = speed of sound
CD = drag coef� cient
CL = lift coef� cient
Cm = pitching moment coef� cient
Cmcg = pitching moment coef� cient about the center of gravity
c = number of engines operating
D = drag
e = eccentricity of orbit
f = dynamic equations
G = function of states, controls, and time
g = Earth’s gravitational force
gs = Earth’s gravitational force at sea level
H = Hamiltonian function
h = altitude above mean sea level
ha = apogee altitude
h f = altitude at t f

h p = perigee altitude
h1 = density scale height
h2 = pressure scale height
Isp = speci� c impulse
J = performance index
L = lift
l = total core vehicle length
lT = distance from the center of mass to the exit plane of

engine
M = Mach number
Maero = aerodynamic pitching moment
MT = pitching moment due to thrust
m = mass
mref = reference mass, sum of the masses of the payload,

payload margin, and payload fairing
p = atmospheric pressure
q = dynamic pressure
r = distance from the center of the Earth to the vehicle

center of gravity, rs C h
ra = radius at apogee from the center of the Earth
r p = radius at perigee from the center of the Earth
rs = radius of the Earth at sea level
S = state inequality constraint
S p = pth time derivativeof S
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T = thrust
Tvac = thrust of one engine in a vacuum
t = time
ten = entry point to state inequality
tex = exit point from state inequality
t f = free � nal time
ts = staging time
t0 = initial time
u = control variables
u¤ = extremal controls
V = velocity
Vi f = inertial velocity at t f

x = state variables
x0 = initial state variables
x¤ = extremal states
® = angle of attack
®b = angle of attack as boundary control over boundary arc
¯ = ratio of speci� c heats of air
° = � ight-path angle
± = gimbal angle of the thrust vector
" = constant Lagrange multiplier
´ = constant multiplier of S p

H = prescribed terminal constraints
3 = Lagrange multipliers
3x = Lagrange multiplier of x state
3¤ = extremal costates
¸ = longitude
¹ = velocity roll angle, positive roll angle results in a

negative heading angle toward the south
º = constant multiplier vector of the dimension of H
½ = atmospheric density
½s = atmospheric density at sea level
¿ = latitude
Á = function of � nal states and time
Ã = heading angle
Ä = set of admissible control values
! = angular velocity of the Earth

Subscripts

f = at t f

fs = speci� ed value at t f

i = inertial coordinate

Superscripts

¢ = time derivative
¡ = just before ten , tex, or ts

C = just after ten , tex, or ts

Introduction

M ANY problems in the designof moderncontroland guidance
systems require optimizationof the trajectory that minimizes
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(or maximizes) some performancecriterion.Using the theory of the
calculus of variations, the formulation of these problems yields a
multipoint boundary-valueproblem (MPBVP). The resulting opti-
mal trajectory also satis� es the physical constraints and the given
differential equations. The open-loop optimal trajectory is used as
a reference trajectory for perturbation guidance. A variety of tech-
niques is currently available for the solution of trajectory optimiza-
tion problems. They include shooting methods, gradient methods,
and nonlinearprogrammingmethods.The family of shootingmeth-
ods are used when a highly accurate solution is required.

All spacemissions in the United Statesare operatedby the current
expendablelaunch vehicles and Space Shuttle. However, the cost of
this access to space is too high to achieve good reliability and oper-
abilityof these systems.One of the next generationheavy-liftlaunch
systems considered by NASA and the Department of Defense was
the advancedlaunch system (ALS). The ALS has beenused in many
studies to demonstrateoptimal and suboptimalcontroland guidance
strategies.1¡8 Shaverand Hull1 presenta suboptimalcontrol strategy
using parameterizationof the control variables. Seywald and Cliff2

presenta feedbackcontrolmethod for two-dimensional� ightsusing
neighboring extremals. Hodges et al.3 and Bless et al.4 present a � -
nite element method for trajectoryoptimization in two-dimensional
� ights.Shelton5 studied the optimal trajectoriesfor the second stage
using a direct shooting method. The complete solution was not ob-
tained in this work due to the sensitivity of the problem. Burkhart6

calculated the optimal controls for the unconstrainedcase using the
single shooting method. Wirthman et al.7 present the implementa-
tion of the ALS trajectory optimization in two-dimensional � ights
on a parallel computer. Recently, Burkhart and Hull8 studied the
optimal controls for unconstrained case and compared the results
with those of suboptimal control.

In this paper, we present three-dimensionaloptimal solutions for
the constrained ascent trajectories of the ALS using the method of
multiple shooting with two slightly different aerodynamic models
to obtain highly accurate solutionsand an exact switching structure.
Two aerodynamic models of the ALS are presented,1;2 and more
can be generatedby varying the order of the interpolationtechnique
used to � t the data. Optimal trajectories are generated subject to a
dynamic pressure inequality constraint. The algorithm for optimal
control problems with state inequality constraints is also referred.
The optimality of this transition is analyzed using hodograph anal-
ysis. The hodograph exhibits nonconvexity during certain points
of time. It is also veri� ed that the optimal state rates during these
intervals lie on the convex domains of their respective hodographs.

Optimization Algorithm
Optimal control theory is concerned with � nding the control his-

tory to optimizea measureof theperformanceindexof the following
general form:

J .u/ D Á.x.t f /; t f / C
t f

t0

G.x; u; t/ dt (1)

subjectto the dynamicequations,boundaryconditions,and terminal
constraints

Px D f.x; u; t/; x.t0/ ´ x0; t0 given (2)

H [x.t f /; t f ] D 0 (3)

Here x.t/ 2 Rn ; u.t/ 2 Rl , and H 2 Rk . Assume that the func-
tions G; Á, and f , respectively,are continuouslydifferentiablewith
respect to all their arguments. The Hamiltonian function is de� ned
with K .t/ 2 Rn as

H ´ G C K T f (4)

The minimum principle requires that the optimal controlsminimize
H (Ref. 9)

u¤.t/ D min arg
u 2 Ä

H .x¤; K ¤; u; t/ (5)

For the ALS problem, we use the open set of admissible controlval-
ues. The states, costates, and the Hamiltonian satisfy the following
conditions:

PxT D H (6a)

PK T D ¡Hx (6b)

K T .t f / D .Áx C ºT H x/
t D t f (6c)

H .t f / D ¡.Át C ºT H t/
t D t f (6d)

0 D Hu (6e)

Equation (6e) can be solved for the control, so that the control is
removed from Eqs. (6a) and (6b).

State variable inequality constraints are augmented to the cost
function and additional necessary conditions are obtained as a
result.10;11 These necessary conditions, depending on the type of
inequality constraint, might require jumps in the costates or the
Hamiltonian. Thus, a general optimal control problem requires the
solution of a MPBVP. The state inequality constraint is represented
as

S.x.t// ´ q.x/ ¡ qmax · 0; 0 · t · t f (7)

Here S : Rn ! R. For the ALS problem, the state inequality con-
straint is a � rst-order dynamic-pressure constraint. An optimal tra-
jectory is composed of two types of arcs: interior arcs [S.x/ < 0]
and boundary arcs [S.x/ D 0]. Excepting junction conditions, an
interior arc satis� es the same necessary conditions as the uncon-
strained problem.12 Along a boundary arc, the inequality constraint
becomes an equality constraint. For numerical convenience,13 we
use the necessary conditions in Ref. 10. The modi� ed Hamiltonian
with a pth-order state variable inequality constraint (p times the
constraint has to be differentiated with respect to the independent
variable to obtain explicit dependence on at least one control vari-
able) is de� ned as

H D G C K T f C ´S p (8)

where

´
D 0; if S < 0

¸ 0; if S D 0

(9a)

(9b)

The necessary conditions on the boundary arcs are

Hu D Gu C K T fu C ´S p
u D 0 (10)

PK T D ¡Gx ¡ K T fx ¡ ´S p
x (11)

The beginningand the end of the constrainedarcs are denotedby the
times ten and tex , respectively.At ten; S i [x.ten/] D 0; i D 0; : : : ; p¡1
yield the following necessary conditions:

K tC
en D K t¡

en ¡
p ¡ 1

i D 0

"i S
i
x[x.ten/] (12)

H tC
en D H t¡

en (13)

K tC
ex D K t¡

ex (14)

H tC
ex D H t¡

ex (15)

Equation (12) admits the discontinuities in the costate variables at
the entry point ten. Because the state inequality constraint does not
depend on time explicitly, the Hamiltonian is continuous at ten for
the ALS problem. The continuity of the controls, u.t/, is assumed
at ten:

u t¡
en D u tC

en D ub.ten/ (16)
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We determine the boundary control ub by using S p.x; u/ D 0
over the boundary arcs.14 Similarly, we have the assumption of the
continuity of u.t/ at tex:

u t¡
ex D u tC

ex D ub.tex/ (17)

For the ALS problem, S p is dependent on only one free control
variable, the angle of attack. Thus, Eq. (10) yields the multiplier
´.t/ explicitly on the boundary arcs for a scalar boundary control,
along the optimal trajectory, as S p

u is not zero:

´.t/ D ¡
Gu C K T fu

S p
u

(18)

The tex can be obtained by using Eq. (17). We use the control u.t/
from the condition Gu C K T fu D 0 on the interior arcs. Then, for
the problem with inequality constraints, Eqs. (6a) and (11) are the
equations of state and costate variables.

Model of the Aerospace Vehicle
The physicalmodel chosen for this study is the ALS as described

in Ref. 1. This ALS con� guration (Fig. 1) consists of a core and
a booster module assembled in parallel to deliver large payloads
into a low Earth orbit. The core contains three engines, and the
boostercontainssevenengines.The ALS is designedas anuncrewed
expendablelaunchvehiclesystem,which can launchpayloadsmore
frequentlywhile reducing the cost per pound of payload into space.
At burnout of the booster, separation occurs and the core continues
the � ight. Before staging time, the combination of the booster and
the core is referred to as the � rst stage, and the second stage refers
to only the core vehicle after the jettisonof the booster.The payload
is to be inserted into a 80£150 nm Earth orbit at perigee after being
launched vertically by the ALS. From Ref. 1, the three-degree-of-
freedom equations of motion relative to the Earth are

P̧ D
V cos ° cos Ã

r cos ¿
(19a)

P¿ D
V cos° sin Ã

r
(19b)

Ph D V sin ° (19c)

PV D
1
m

[T cos.® C ±/ ¡ D ¡ mg sin ° ]

C r!2 cos ¿ [cos ¿ sin ° ¡ sin ¿ cos ° sin Ã] (19d)

Fig. 1 ALS.

P° D 1
mV

f[T sin.® C ±/ C L] cos¹ ¡ mg cos ° g

C
V cos °

r
C 2! cos ¿ cos Ã

C
r!2

V
cos ¿ [cos ¿ cos ° C sin ¿ sin ° sin Ã] (19e)

PÃ D ¡ 1
mV cos °

[T sin.® C ±/ C L] sin¹

¡
V

r
tan ¿ cos ° cos Ã C 2![cos ¿ tan ° sin Ã ¡ sin ¿ ]

¡
r!2

V cos °
cos ¿ sin ¿ cos Ã (19f)

Pm D ¡
c

Ispgs
Tvac (19g)

The physicalmodel for the ALS is described in detail in Ref. 1. The
thrust model is given by

T D c[Tvac ¡ p Ae] (20)

Densityandpressurearemodeledas the followingexponentialfunc-
tions of altitude:

½ D ½s e
¡h=h1 (21)

p D ps e
¡h=h2 (22)

The Earth is assumed to be a rotating,sphericalbody with an inverse
square gravity � eld

g D gs.rs=r/2 (23)

The speed of sound is given using the perfect gas law

a D ¯. p=½/ (24)

The dynamic pressure, the drag, and the lift are de� ned as

q D 1
2 ½V 2 (25)

D D q AbCD (26)

L D q AbCL (27)

and CD; CL , and Cm are modeled as polynomials in ® during the
� rst stage:

CD D CD0.M/ C CD1.M /® C CD2.M/®2 C CD3.M/®3 (28a)

CL D CL1.M/® (28b)

Cm D Cm0.M / C Cm1.M/® (28c)

After staging, the vehicle � ies at hypersonicvelocities, the aerody-
namic force coef� cients are independent of the Mach number, and
pitching moments are assumed to be negligible. The aerodynamic
models for the second stage are

CD D CD0 C CD2®
2 (29a)

CL D CL1® C CL2®j®j (29b)

The drag coef� cient, the lift coef� cient, and the pitching moment
coef� cient are given in tabular form as functions of Mach number
and ® in Refs. 1 and 2. The aerodynamic coef� cients are inter-
polated by the least-squares method and the cubic spline method.
When the sign of ® is changed, the sign of CL2 is also changed
for the second stage. Note that, during the second stage, the drag
coef� cient is a symmetric function of ®, whereas the lift coef� cient
is an antisymmetric function of ®.
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Problem Statement
We augment the ALS system with the additionalparameter equa-

tions to � nd exact switching structure and � nal time.
For the � rst stage:

Pten D 0; Ptex D 0 (30a)

For the second stage:

Pt f D 0 (30b)

Equation (30b) is an additional state equation that handles the free
� nal time as a parameter. This parameter is guessed and is also
adjusted by the Newton method. This additional parameter requires
an additionalcostate.Thus, two additionaldifferentialequationsare
introduced when the free � nal time is treated as a parameter.

Performance Index
For the problem at hand, it is required to � nd the optimal tra-

jectory that maximizes the � nal mass of the ALS. Transferring the
maximization problem into a minimization problem yields

J D ¡m f =mref (31)

The magnitude ¡1:0 of the performance index indicates that the
reference mass is inserted into orbit without extra fuel.

Initial Conditions
The ALS is launchedvertically from the Earth with the following

initial conditions1 at t D 0 s:

¸.0/ D ¡80:54 deg; ¿.0/ D 28:5 deg
(32a)

h.0/ D 0 ft; V .0/ D 0 ft/s

° .0/ D 90:0 deg; Ã.0/ D 0 deg
(32b)

m.0/ D 108;574:93 slug

The heading angle is not de� ned during the 3 s of vertical � ight.
When V D 0, the equations for P° and PÃ have singularities,whereas
° D 90 deg causes the same effect in the PÃ equation. To remove
the singularity due to the velocity, the ALS is vertically � own for
3 s with the angle of attack and the velocity roll angle chosen such
that P° and ¹ D 0. To avoid the singularity due to ° D 90 deg, the
vehicle is then pitched over by � ying it for 1 s at a constant pitch
rate. The velocity roll angle is chosen such that PÃ is zero.1 The
angle of attack is given by the following equation during the fourth
second15:

®.t/ D ¼=2 ¡ ° ¡ 0:02.t ¡ 3/ (33)

The optimization uses the state at this time as the initial condition.
Explicitly, the initial conditions at time t D 4 s are given by15

¸.4/ D ¡80:558 deg; ¿ .4/ D 28:5 deg
(34a)

h.4/ D 109:69 ft; V .4/ D 55:34 ft/s

° .4/ D 89:526 deg; Ã.4/ D 0 deg
(34b)

m.4/ D 106;897:68 slug

Final Conditions
Final boundaryconditionsare speci� ed to satisfyorbitsize, shape,

inclination,vehicleposition,and orbit injection.The vehiclemust be
inserted into the speci� ed orbit at the perigee.The desired injection
point is 80 £ 150 nm transfer orbit of 28.5-deg inclination i . The
desiredvalueofh p is 80nm, and thedesiredvalueofha is 150nm. To
achieve the desired orbit, four � nal conditions should be satis� ed.
These are the altitude, the inertial velocity, the � ight-path angle,
and the orbital inclination. The perigee altitude of the orbit, h p ,
must equal to the � nal altitude h f . The inertial velocity at t f must
be constrained to satisfy the following relationship1:

Vi f D
gsr 2

s .e C 1/

r p

(35)

For the vehicle to be inserted into orbit at the perigee, the � nal � ight-
path angle should be zero. As a consequence, the terminal equality
constraints are the following:

h fs D 486;080 ft; V fs D 25;776:9 ft/s
(36)

° fs D 0 deg; i fs D 28:5 deg

The inertial velocity and inclination are calculated by1

Vi D .V 2 C 2V r! cos° cosÃ cos¿ C r 2!2 cos2 ¿ /
1
2 (37)

cos i D cos ¿ .V cos° cosÃ C r! cos ¿ /

.V 2 cos2 ° C 2V r! cos ° cos Ã cos ¿ C r 2!2 cos2 ¿/
1
2

(38)

In summary, the � nal point constraints are

h f D h fs (39a)

V f D V fs (39b)

° f D ° fs (39c)

cos.i f / D cos i fs (39d)

For the ALS problem, there are seven known initial state vari-
ables at t0 and two � xed state variables [Eqs. (39a) and (39c)] at
t f . Equation (3) contains two boundary equations [Eqs. (39b) and
(39d)] at � nal time t f :

21 ´ V fs ¡ .V 2 C 2V r! cos ° cos Ã cos ¿ C r 2!2 cos2 ¿/
1
2 D 0

(40)

22 ´
cos i fs ¡ cos ¿ .V cos ° cos Ã C r! cos ¿ /

.V 2 cos2 ° C 2V r! cos° cosÃ cos¿ C r 2!2 cos2 ¿ /
1
2

D 0

(41)

From transversalityconditions, we obtain

3¸.t f / D 0 (42a)

3t f .t f / D 0 (42b)

3m.t f / D ¡
1

mref

(42c)

3¿ .t f / ¡ º1
@21

@¿
t f

¡ º2
@22

@¿
t f

D 0 (42d)

3V .t f / ¡ º1
@21

@V
t f

¡ º2
@22

@V
t f

D 0 (42e)

3Ã .t f / ¡ º1
@21

@Ã
t f

¡ º2
@22

@Ã
t f

D 0 (42f)

From Eqs. (42d) and (42e), we can calculate º1 and º2 as follows:

º2 D 3V .t f / ¡ 3¿ .t f /
@21

@V
t f

@21

@¿
t f

@22

@V
t f

¡ @22

@¿
t f

@21

@V
t f

@21

@¿
t f

(43a)

º1 D 3¿ .t f / ¡ º2
@22

@¿
t f

@21

@¿
t f

(43b)

With Eqs. (43a) and (43b), Eq. (42f) becomes another boundary
equation at the � nal time. Thus, we only have three boundary
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equations at the � nal time: Eqs. (40), (41), and (42f). There are
16 differential equations including the additional state and costate
equations for the free � nal time parameter. There are 16 unknowns
(8 unknowns at t0 and 8 unknowns at t f ) and 16 known boundary
conditions; there are seven given initial states x.t0/; 3t f .t0/ D 0,
Eqs. (39a), (39c), (40), (41), (42a), (42b), (42c), and (42f). Thus, the
two-point boundary problem can be completely solved with these
boundary conditions.

Controls
The aerodynamic yawing moment is assumed to be controlled

to zero, whereas the angle of attack and the velocity roll angle are
treated as controlvariables.Thus, the sideslip angle is zero through-
out the trajectory.The pitching moment due to the thrust and aero-
dynamics is controlled to be zero. This trimmed � ight condition is
effectedby the gimbal angle,which is created by orientingthe thrust
with respect to the ALS body axis so that the pitching moment is
zero.Therefore, the trimmed � ight is controlledby � nding a gimbal
angle, that forces the pitching moment to be zero at any instant of
time. Explicitly, this yields the following control constraint:

Maero.®/ C MT D 0 (44)

Equation (44) can be written as

qSblCmcg ¡ TlT sin ± D 0 (45)

To calculate the gimbal angle ± from Eq. (45), we need the value of
the locationof the vehicle centerof gravity.Numerical studies show
that the dynamicpressuregoes to zero in the secondstage;hence, the
gimbal angle is zero from Eq. (45). Thus, trimmed � ight is assumed
during only the � rst stage.A referenceto untrimmed � ight indicates
the situation where the moment equation is neglected.

Equation (6e) is solved for the free controls. The � rst derivative
of the Hamiltonian with respect to the velocity roll angle ¹ is

H¹ D 3° P°¹ C 3Ã
PÃ¹ D 0 (46)

Equation (46) can be solved for tan ¹. Then the velocity roll angle
is calculated using the following equation:

tan ¹ D ¡ 3Ã

3° cos °
(47)

The � rst derivative of the Hamiltonian with respect to the angle of
attack ® is

H® D 3V
PV® C 3° P°® C 3Ã

PÃ® D 0 (48)

Then, the angle of attack is calculatedusing the following equation:

0 D 3V

m
¡T sin.® C ±/ 1 C @±

@®
¡ @ D

@®

C
3°

mV
T cos.® C ±/ 1 C @±

@®
C @L

@®
cos¹

C
3Ã

mV cos°
¡ T cos.® C ±/ 1 C @±

@®
C @L

@®
sin ¹

(49)

The angle of attack and gimbal angle satisfying the Eqs. (45) and
(49) simultaneously can be obtained using the Newton–Raphson
method.

A second-order necessary condition, the Legendre condition,
states that the second derivative of the Hamiltonian with respect to
the controlsmust be greaterthan or equal to zero for the performance
index to be at a minimum. Thus, H®® ; H¹¹, and H®® H¹¹ ¡H 2

®¹ must
be greater than or equal to zero for the performance index to be at a
minimum.These conditionsare enforcedthroughnumericalchecks.

Internal Boundary Conditions and Inequality Constraints
The discontinuityin thevariationofmass occurswhen thebooster

is separated at the staging time. The staging time ts D 153:54 s is
known because the booster is separated when all of the propellant
in the booster has been burned out. The problem can be divided into
two sections with respect to the staging time, the � rst stage and the
second stage. Because we know the staging time, we can consider
the problem as a � xed � nal time problem in the � rst stage and a free
� nal time problem in the second stage, whereas the whole problem
is a free � nal time problem. The known � nal time for the � rst stage
is the staging time ts . The conditions at the staging time are (except
mass)

x t¡
s D x tC

s (50a)

m t¡
s D m tC

s C 6740:85 slug (50b)

K t¡
s D K tC

s (50c)

There are no explicit constraints on the states at the staging time,
and the staging point is not signi� cant.

A dynamic pressure constraint is imposed as a state variable in-
equality constraint by limiting it to qmax D 650 lb/ft2. That is,

S.x/ ´ q.x/ D 1
2
½V 2 · 650 lb/ft2 (51)

This constraint, being � rst order in nature, leads to jumps in the
altitude and velocity costates. We determine the angle of attack ®b

as the boundary control over the boundary arc using the following
equation:

PS.x; u/ D ¡[1=.2h1/]½V 3 sin °

C ½V [.1=m/fT cos.® C ±/ ¡ D ¡ mg sin ° g

C r!2 cos ¿fcos¿ sin ° ¡ sin ¿ cos° sin Ãg] D 0 (52)

The additional internal boundary conditions at the junction points
are from Eq. (12) to Eq. (17), and q.ten/ D 650 lb/ft2. The inter-
nal boundary conditions at each subinterval except for the junction
points are satis� ed by the continuity of state and costate variables
in the multiple shooting method.

Multiple Shooting Method
Many numerical algorithms to solve optimal control problems

have been developed. Indirect methods are theoretically based on
the minimum principle,which characterizesthe set of optimal states
and controls in terms of the solution of a boundary-valueproblem.
One of the indirect methods is the shooting method, which yields
solutions of high precision.The shooting method is a second-order
method and, hence, is very sensitive to small changes of costate
initial conditions.Shooting methods have the associateddif� culties
caused by instability of the initial value problem for the system of
differentialequationsandby the requirementforgoodinitialguesses
for the iterative solutions of nonlinear problems. To overcome the
dif� culties in the direct shooting methods, multiple shooting meth-
ods can be used for solving the problems. The multiple shooting
techniquedivides the interval from t0 to t f into several subintervals.
The result is that the dimension of the problem is increased, but
the sensitivity of the solutions to the boundary-value variables is
reduced. The application of multiple shooting methods to the so-
lution of boundary-value problems can be found in Refs. 16–18.
The multiple shooting technique is simply a multipoint version of
the direct shooting method. Using this method, the solution of an
optimal control problem still amounts to solving a set of algebraic
equations at each subinterval. These multiple shooting methods re-
quire the continuity of state and costate variables at the boundary
of each subinterval where jump conditions are not speci� ed. The
multiple shooting methods use the same technique as the nominal
shootingmethods to calculate correctionsto the values of states and
costates at the boundary of these small subintervals.

Because the basic idea of multiple shooting is to subdivide the
interval [t0; t f ], one may integrate in one direction (usually forward
direction) up to certain nodes (method I) and one may integrate in
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both directionsup to certain matching nodes (method II).18 In cases
where the integration costs are independent of the direction of in-
tegration, the total integration costs are about the same because the
greater part of computing time is spent in the numerical integra-
tion of the subtrajectories.When both methods have an equivalent
set of nodes, method II treats about half the number of unknown
variables, and the size of the Jacobian matrix of method II is half
of the Jacobian matrix size of method I. Therefore, the numerical
code is developedby method II in this paper to solve the ALS prob-
lem. Generally, method II includes method I as a special case. The
different subtrajectories are computed in a mutually independent
way. This structure of multiple shooting is readily adapted to par-
allel techniques to get a considerable speed-up of the computation.
At entry point ten and exit point tex, the Jacobian submatrices and
corresponding error vectors for the ALS problem must be modi-
� ed to include the constraints: u.t¡

en/ D u.tC
en/; S.ten/ D Slimit , and

u.t¡
ex/ D u.tC

ex/. With this multiple shooting structure, the internal
and terminal boundaryconditions can be exactly satis� ed. The time
interval during the � rst stage is divided into 12 subintervals, and
during the second stage it is divided into 4 subintervals.

Hodograph Analysis
The hodograph at a given time and state is the set of all possible

state rates that can be attained by varying the controls within its
allowed domain. For any � xed state vector, the set of admissible
state rates is obtained by letting the controls vary within their al-
lowed domains. Thus, an m-dimensional manifold is generated in
the n-dimensional state rate space (in our case n D 7 and m D 2).
For the problem under consideration, it suf� ces to look only at the
PV ; P° ; and PÃ components of the state rate vectors. The right-hand

sides of all other state rates are independent of the controls and,
hence, only trace a single point as the controls are varied. There-
fore, the problem is reduced to visualizing the projection of the
hodograph into the PV ; P° ; and PÃ space.

As we are mainly interested in convexity issues, we do not lose
any informationby visualizingthehodographin a coordinatesystem
.k1–k2 –k3/, which is scaledand shiftedwith respect to the PV ; P° ; and
PÃ system. The .k1 –k2 –k3/ axes are de� ned as follows:

k1 D m PV C mg sin °

¡ mr!2 cos ¿ .cos ¿ sin° ¡ sin ¿ cos ° sinÃ/ (53a)

k2 D mV P° ¡
V cos °

r
¡ 2! cos ¿ cos Ã

¡
r

V
!2 cos ¿ .cos ¿ cos° C sin ¿ sin° sin Ã/ C mg cos°

(53b)

k3 D ¡mV cos ° PÃ C
V

r
tan ¿ cos ° cos Ã

¡ 2!.cos¿ tan ° sin Ã ¡ sin ¿ / C
r!2 cos ¿ sin ¿ cos Ã

V cos°

(53c)

It can also be veri� ed from equations of motion that

k1 ´ T cos.® C ±/ ¡ D (54a)

k2 ´ [T sin.® C ±/ C L] cos¹ (54b)

k3 ´ [T sin.® C ±/ C L] sin ¹ (54c)

From Eqs. (54), obviously, the hodograph in the .k1 –k2–k3/ system
can be obtained by rotating the hodograph in the .k1 –k2/ system
about the k1 axis. The hodograph in the .k1 –k2/ system can be visu-
alized using the following method. Let ¾ be an auxiliary parameter
that varies from ¡1 to C1, boundaries excluded. Then, ®¤.¾ / and
±¤.¾ / are calculated by using the following equation:

[®¤.¾ /; ±¤.¾ /] D arg
® 2 Ä

max Q.¾ / (55)

where

Ä D f® 2 R; ± 2 Rj pitchingmoment D 0 [Eq: .45/]g (56)

and

Q.¾ / D 1 ¡ ¾ 2[T cos.® C ±/ ¡ D] C ¾ [T sin.® C ±/ C L]

(57)

This procedure equivalently yields the controls [®¤.¾ /; ±¤.¾/] that
minimize the Hamiltonian

H D 3k1 k1 C 3k2 k2 C 3k3 k3 C terms independent of controls

(58)

for the case where 3k1 D ¡
p

.1 ¡ ¾ 2/; 3k2 D ¡¾ , and 3k3 D 0.
Note that as ¾ is varied,3k1 alreadyde� ned remainsnegative,which
is required for the existence of a bounded control. The hodograph
in the k1–k2 system is obtained by plotting the curve

k1.¾ / D T cos[®¤.¾/ C ±¤.¾/] ¡ Dj®¤.¾ / (59a)

k2.¾ / D T sin[®¤.¾ / C ±¤.¾ /] C L j®¤.¾ / (59b)

Rotation of the hodographin the described .k1–k2/ system about the
k1 axis results in the hodograph in the .k1–k2 –k3/ system. It should
be noted that a necessary condition for convexity of the hodograph
in the .k1–k2 –k3/ system is that in the .k1 –k2/ system, the maximum
k1 value is obtained at k2 D 0.

Results and Discussion
Ascent optimal trajectories of the ALS have been computed to

maximize the � nal mass of the vehicle.Because the problemis very
sensitive to initial guesses, the multiple shooting method with 16
subintervals is used to reduce the sensitivity. The Hamiltonian will
be a constant during the � rst stage because the � nal time is � xed
and the Hamiltonian does not depend explicitly on time, whereas
the Hamiltonian is zero in the second stage because the � nal time
is free and the Hamiltonian does not depend explicitly on time. A
jump discontinuityin the Hamiltonian is evidentat the staging time.

Optimal trajectories have been computed for the two aerody-
namic models with and without the dynamic pressure constraint.
Figures 2–7, respectively, show the time histories of the longitude,
the latitude, the altitude, the velocity, the � ight-path angle, and the
heading angle. A and B in Figs. 2–14 denote the aerodynamic data
in Refs. 1 and 2, respectively.The variationsof the latitude and the
heading angle are very small in this particular example, while the
longitude increases by approximately 10 deg. Therefore, it is pos-
sible to approximate the three-dimensional equations of motion to
obtain simple planar equations of motion. At the staging time, the
velocity history has a discontinuitydue to the mass and thrust dis-
continuitiescaused by separationof the booster. It is evident that the
aerodynamicmodel effects on the longitude, the altitude, the veloc-
ity, and the mass are insigni� cant and on the latitude, the � ight-path

Fig. 2 Time histories of the longitude.
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Fig. 3 Time histories of the latitude.

Fig. 4 Time histories of the altitude.

Fig. 5 Time histories of the velocity.

angle, and the heading angle are only slight. Figures 8–10 show the
time historiesof thecostatevariablesof thealtitude,the velocity,and
the � ight-pathangle,respectively.As expected,the jumps in costates
of the altitude and the velocity occur due to the internal boundary
conditions caused by the inequality constraint. The costate of the
� ight-path angle strongly affects the velocity roll angle history, es-
peciallywhen its magnitude is very small compared with that of the
costate of the heading angle.

Figures 11–14 show the time histories of the velocity roll angle,
the angle of attack, the gimbal angle, and the dynamic pressure,
respectively.The velocity roll angle history shows sharp variations,
especially when the constraint is active. A small gimbal angle de-
� ection is needed to satisfy trimmed � ight conditions.Because only

Fig. 6 Time histories of the � ight-path angle.

Fig. 7 Time histories of the heading angle.

Fig. 8 Costate of the altitude vs time.

the core vehicle remains during the second stage, the pitching mo-
ments are assumed to be zero such that the gimbal angle is zero
in the second stage. The dynamic pressure constraint is active for
a small interval of time. Compared with the unconstrained cases,
the angle of attack decreases during passage through the maximum
constraineddynamicpressure.Because thedragcoef� cient is a sym-
metric function of ® while the lift coef� cient is an antisymmetric
function of ® for the second stage, it is clear that the equations of
motion remain unchanged during the second stage .± D 0/ if the
sign of ® is reversed (solid line and dash–dot line in Fig. 12) and
a 180-deg phase shift (solid line and dash–dot line in Fig. 11) is
introduced in ¹; i.e., the signs of sin¹ and cos ¹ are also reversed.
This situation gives rise to two different types of optimal controls,
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Fig. 9 Costate of the velocity vs time.

Fig. 10 Costate of the � ight-path angle vs time.

Fig. 11 Time histories of the velocity roll angle.

as shown in Ref. 5, and the two types of solutions can be pieced
together at various points of time. However, it is preferable to use
the optimal velocity roll angle pro� le that requires a smooth roll
angle pro� le rather than a sequence of roll reversals. This means
that, during the second stage, two different types of control histo-
ries are possibledue to nonuniquenessof the controls.These control
histories are shown in Figs. 11 and 12.

For the unconstrained cases, the aerodynamic data in Ref. 1
yielded a performance index of ¡1:031659 and the � nal time of
364.14 s, whereas those in Ref. 2 yielded a performance index of
¡1:020098 and a � nal time of 364:63 s. When the 650-lb/ft2 dy-
namic pressure constraint is imposed, the aerodynamic model in
Ref. 1 yielded a performanceindex of ¡1:027255and the � nal time

Fig. 12 Time histories of the angle of attack.

Fig. 13 Time histories of the gimbal angle.

Fig. 14 Time histories of the dynamic pressure.

of 364.32 s, whereas those in Ref. 2 yielded a performance index
of ¡1:019723 and a � nal time of 364.64 s. In terms of physical
parameters, a performance index of ¡1:019723 means that 104.9
slug of fuel remains when the ALS is inserted into a desired orbit
whereas a performance index of ¡1:027255 means 105.7 slug of
remnant fuel. This fuel weight could be converted into extra pay-
load. The internal boundary conditions and the dynamic pressure
constraint are exactly satis� ed. For the constrained case with the
aerodynamic model in Ref. 2, the trajectory enters the boundary
arc at ten D 66:9680 s and exits from the arc at tex D 66:9938 s.
The length of the boundary arc is small, 0.0258 s. From Fig. 15
with the aerodynamicmodel in Ref. 2, we know that the � nal mass
of the ALS is reduced as the maximum dynamic pressure value is
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Fig. 15 Constrained dynamic pressure value vs the � nal mass.

Fig. 16 Hodograph during the � rst stage.

lowered. The � nal mass is about 10,878 slug for qmax D 580 lb/ft2,
whereas the � nal mass is about 10,899 slug for unconstrainedcase
(about qmax D 680 lb/ft2 ). Thus, only about 0.2% less mass com-
pared to that by the unconstrained trajectory is placed in orbit by
the constrained optimal trajectory .qmax D 580 lb/ft2 ).

Using the aerodynamic data in Ref. 2, Fig. 16 shows the
hodographs at a selected point of time in the � rst stage. It is ob-
served that the hodograph in the (k1–k2 ) plane is asymmetric about
the k1 axis in Fig. 16. Furthermore the maximum value of k1 occurs
when k2 is nonzero. Hence, a nonconvex hodograph is generated
when Fig. 16 is rotated about the k1 axis. During the second stage,
the hodograph is convex and symmetric about the k1 axis. The state
rates vary smoothlyalong the trajectories.The small circle in Fig. 16
shows the respective state rate vectors rotated by ¡¹ about the k1

axis. This point is plotted in the hodographs to show that the min-
imum H process does yield state rates on the convex hull of the
hodograph. Note that Eq. (6e) is satis� ed by the angle of attack at
the instant of time corresponding to Fig. 16. Special mention must
be made of the jump discontinuities or chattering controls that can
occur for nonconvex hodographs if the small circle is at the maxi-
mum k1 point or the � ight-pathangle and headingangle costates are
both zero during the � rst stage. This condition is not satis� ed here.

Concluding Remarks
This paper presents the maximum � nal mass trajectories for the

ALS, which is designed to deliver large payloads into a low Earth
orbit. The trajectorieswith two different aerodynamicmodels show
that the performance indices obtained are nearly the same, whereas
some state and control variables are different. These differences
are signi� cant and have profound implications with regard to un-
certainty in the aerodynamic data and closed-loop guidance. The
dynamic pressure inequality constraint is imposed by limiting it

to 650 lb/ft2 . This constraint leads to jumps in costate variables
and yields a boundary arc of small duration. The � nal mass of the
ALS is reduced by only a small amount as the maximum dynamic
pressurevalue is lowered.The optimalityof the solutionswas inves-
tigated using hodograph analysis. The hodographs are nonconvex
along the optimal trajectories during certain time intervals, but the
optimal state rates remain on the convex domain of the respective
hodographs and vary smoothly.
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